SPHERICAL FRACTIONAL INTEGRALS

BY
NICOLAAS DU PLESSIS

1. Introduction. In this paper I define a fractional integral for functions
on a unit m-sphere and show that it behaves in much the same way as the
Riesz fractional integral in respect to theorems proved in [1].

The theorems proved in this paper are

THEOREM 1. If 0<a<a+pB <1 and fELIip « then fgElip (a+p). Lip may
be replaced by lip.

THEOREM 2. If ¢>1, 14+m/q>a>m/q then foElip (a—m/q).
THEOREM 3. If 0<a<m/q and fE L9 then f,EL" where a=m(1/q—1/r).

THEOREM 4. If f& L9 then

(@) for 0<a<m, 2<q< ©, faq is finite everywhere except possibly in a set
which is of zero B-capacity for all B>m —a.

(b) for 0<a<m,1=2q=2, foq s finite everywhere except possibly in a set of
zero (m —a)-capacity. Both (a) and (b) are best possible.

There is an auxiliary result in §3, Theorem A, connecting radial and sur-
face Lipschitz behavior which is perhaps of interest in its own right. The
inversion process described in §4 certainly has other possibilities.

2. The fractional integral. Let .S be the unit m-sphere consisting of all the
points P(&y, - -+, &m, §) given by

Bttt =1

Let Q be any point and suppose that new coordinates are taken so that a
point previously named P becomes the pole, i.e. the point 00, - - -, 0, 1),
then the symbol Q — P will mean the point which Q becomes in the new co-
ordinates. Further, Q' =Q—P and Q =Q’+ P will be taken to be synonymous.

We introduce spherical polar coordinates (p, 61, - + -, 0,) of the point
(&, + - -, & §) Dy setting
EL=psing, - - sin 0,
£, = psin @ - - - sin 0,,_; COS Oy,

£, = p sin 6, cos b,

¢

p cos 0,
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where p>0, 0=560,=<7 for r=1, - - -, m—1 and 0=56,,<2w. Points on S are
characterized by p=1. In what follows points denoted by P, Q will be on S
and the point (p, 6y, - + -, 0,) will be denoted by (p, P).
The distance (or, more precisely, the spherical distance) between the
points P(&y, « + -, &m, ¢) and Q(my, - * +, 1m, 7) is given by
cos |P—Q| =tim+ -+ kmim + {7, o |[P-0| =m
Clearly IP—QI =IQ—P| and |P—0| =|P| =
The surface element dP in polar coordinates is given by
dP = sin""‘al «+.sin 0,,._1d0,,. LR dBl.

If MY(f)=[,|f(P)|*dP < = we shall say that fELe.
It is well known that if fE L then the Poisson integral f(p, P) of f given by

«mm=ijmmo—mw

where
K(p,Q — P)
= 27T (274 m + D)1 = p)(1 = 2p cos | P — Q| + py-(mvr2

is harmonic for all p <1, that is, within S.
LetfEL, let f(p, P) be its Poisson integral and consider for a>0,0=p<1,

nmm=ﬁ7fu—ﬂﬂwmm

and fo(P) =1im,.; fo(p, P) should this limit exist. f,(P) is then said to be the
ath integral of f(P).
We have

F@ﬁmPhiﬂb—JVﬂLﬂQHmQ—m@M

Now

i 2s4+m — 1 (m—1)/2

K(p, v) = C, (cos v)p*

gm0 m—1

where the (somewhat modified) Gegenbauer polynomials C;(x) are given, for
v>0, by

1 hed » 8
- =10y + 1)(1 — 2px + p?)~ = 3. C.(x)p .

=0

Writing Q — P =+ we then have
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hd I'(s+1) 2s4+m—1

folp, P) = p* . C‘(m_l)/z 4.

. P) pgr(s+1+a) m—1 Pfsf(Q) (cos v)dQ

It may be verified that if (p, P), Q are the points (§1, * * * , &m, £), (71, = * *
Nm, T) then

po=fit i, pcosy=fmt ot bt i

and that, if A is the operator Y ™, 32/3£249?/8¢? then A(p*C™ /3 (cos v)) =0.
It follows that f.(p, P) =p®u.(p, P) where u, is harmonic within .S and that
fo(P) =1lim, .y u.(p, P) whenever this limit exists.

We have, in fact,

For a>0, fo(P) exists and is finite p.p. on S.

Privalov in §4 of [2] has shown that if g(p, P) is harmonic within .S and
Js|g(p, P)|dP=0(1) as p tends to 1 then g(p, P) tends p.p. to a finite limit.
Now

T'(e) fs | walp, P)| dP < p’“fp(p — 7)ol fs | 7(r, P)| dPdr.
0

Since fE€ L the inner integral is uniformly bounded and the result follows. This
result is not best possible as Theorem 4 shows.

It is unfortunately not the case that fo,.5(P) = (fo(P))s. (A trivial calcula-
tion with f(P) =1 on S shows this.) What is true is that fois(p, P) = (fo(p, P))s;
this is easily shown by the standard proof for the Riemann-Liouville frac-
tional integral.

3. Lipschitz behavior. If f is such that

f(P)—fQ@ =0(|P-Q|), 0=a<1 uniformlyons$

then we say that f€Lip «. If, in the above, O is replaced by o we say that
fElip a.

THEOREM A. A necessary and sufficient condition that o function f(p, P)
harmonic within S is the Poisson integral of a function in Lip a is that

f(', P) = f(p, P) = O((p" — p)* uniformly in) P.
If Lip is replaced by lip then O must be replaced by o.
LEmMMA 1. For 02a<1, 0<p<1,

(@) 12l

(b) fS|P|"|K(p,P)|dP§B(1-—p)¢

i}
a—-K(p, P)'dP < B(1 — p)=,
o

where B is a positive constant.
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First, a straightforward calculation shows that IBK /apl is dominated by
a positive multiple of [(1—p)2+| P | 2]-(m+1/2 The integral in (a) is thus less
than a multiple of I where

1—p L4
I= (f + )0"[(1 — p)? + 02|~ (mtDI2ginm-19d9 = [, + I, say.
0

1—p
Further I, =< J,, I, < J, where
1—p L 4
Ji=(1- p)_"‘_lf getm=1df and J. =f 6=—2d6
0 1-p
from which (a) follows. (b) follows by integrating (a) over the range p to 1.

LEMMA 2. For 0 <A <1

0
sup | — [((p, P) — fOrp, P)] ' < A(1 — p)tsup | f(P) — JO\, P) | .
P |06, P

We have

f(e, P) — f(hp, P) = fs Q) — fO\ 0)K(p, @ — P)dQ

and so

9 ’ ’ _a_ ’
- UG, P) = f000, P)) = ) @ + Py = j0, 0+ ) - KGa, 00

which last, in modulus, does not exceed

0
sup | 1(P) = 1O\, P)| fSIEaT K(p, 0| a0,

By (a) of Lemma 1 with a=0 the result follows.
We turn now to Theorem A.
Necessity. We may assume p’ >p. We have

&', P) = f(o, P) = f (f(Q) — f(P)(K(,Q — P) — K(p,Q — P))dQ

and it follows that

0 | 76!, P) — f(o, P)| = 4 f ||+ K, ) — K(p, ) |dO

where A4 is a positive constant.
Either p’—p=<1—p’ or p’—p>1—p’ and in the latter case p’—p<1—p
<2(p'—p).
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In the first case we express the right hand side of (1) as

[rell " S alaos [ [ 101e| 2 door =0 [ "t = mar}.

or
This last integral is equal to (o’ —p) (1 —p)*~! where p <p <p’. Since (1 —p)=1
<(1—=p")e 1< (p’ —p)=! the result follows.
In the second case the righthand side of (1) is less than a multiple of

[ lel*x6. 040 + [ | 0lK(, @0 = 0t = 9+ (1 = 7]

by Lemma 1(b). This last is O[(p’ —p)*]. This proves the necessity.
Sufficiency. Since f(o’, P) —f(p, P) =0[(p’ —p)*]—0 as p, p’ tend to 1 uni-
formly in P we have, by Cauchy’s convergence criterion, the existence of a
bounded f(P) for which f(p, P) tends to f(P) uniformly in P as p tends to 1.
Given p, choose p’ >p such that, for all P,
| f(P) = 16’ P)| < (1= p)=
Then

| f(P) = fGo, P)| = | f(P) — f(o', P)| + | f(e', P) — f(p, P)|

which does not exceed (1—p)*+0[(p’—p)*]=0[(1—p)=].
Let po=1-2"", write ¢.(P) =f(pnt1, P) —f(on, P) and choose N so that
2-¥-1<| P| £2-¥. We then have |f(Q+P)—f(Q)| dominated by

| fQ+ P) — fox,Q + P)| + | 7(Q) — f(on, Q) | + | f(ow, @+ P) — f(on, Q)|

and this last does not exceed

N-1
(2) 0@ + 3 [ a@ + P) — 6a(@) | .
n=0
Choose the pole on the sphere at Q and coordinates so that Pis (¢,0, - - +,0).
Then
t| Opn
| 640 + P) = 6a(Q) | = [¢a(P) — $2(0) | = f —| db.
0 1

This last, by Lemma 2, is dominated by
AL = pas) 7 sup | S(P) = fO, P)|

where A, =pa/pns1. It follows that
| $.(0 + P) — ¢.(0) | < A27N2nH(] — A,)e £ A21-N20-on,
Thus, finally,
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© N

2 [6x@+ P) = $a(Q)| = 42077 F 20-0n = 0(27eM).

n=0 n=0
This, in conjunction with (2), gives the O-part of Theorem A. The proof of
the o-part is an obvious adaptation of the above.

The proof of Theorem 1 now follows readily. If f(P)ELip «, say, f(p, P)
is, by Theorem A, a function in Lip « with respect to p. The standard proof
for Riemann-Liouville integrals [3, §9.81] shows that fs(p, P) is, qua p, in
Lip (a+8). It follows that the same holds for us(p, P). Since ug is harmonic we
may apply Theorem A to show fg(P) in Lip (¢+8). A similar argument shows
the lip part of the theorem.

We turn now to Theorem 2. Let S(8) be the spherical cap 6; =8. Since
fEL? we may, given €>0, choose 8 so that f.gmlf(Q) | 2dQ <e?. Now

o _

(f + )f<Q+P>§dQ=Il+Iz.
dp 8 eS(8) dp

and I <eM,(0K/dp). Further, M% is dominated by a constant multiple of

f 0m1[(1 — p)? + 2]-(m+L@'i2gg
0

s1- p)m—(m+l)q’f tm1(1 4 )= (miD e i2gy
0

so that
Iy = o[(1 — p)—mle1].
Next
K |? 1/q’
nsun{f || a
eS8 | Op

and the second integral does not exceed a multiple of

ftem—ll(l — p)? + 2]~ (m+D 1249
s

=1 - p)m—(m+1)q'f tm=1(1 4 £2)—(m+D e 24y
8/ (1-p)
so that I;=0[(1—p)~—™/<-1]. Consequently df/dp=0o[(1 —p)—™/s-1].
We may, without loss of generality, assume f(0, P) =0 and then integrat-
ing the integral expression for f.(p, P) by parts and then differentiating under
the integral sign, we have

F(a) ’aip_(fa) = j;p(p — f)“"l z—{:dr = o{j‘op(p — r)“—l(l —_ f)—"t/q—ldr}
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so that /3p(fa) =o[(1 —p)*=—m/+-1]. Consequently

’

9
fa(p,r P) - fa(P, P) =f -5 (fa) = 0[(P' — p)a—m/q]

so, by Theorem A, since now u.(p, P)ELip (a«—m/q), qua p, we have
fa(P)ELip (a—m/q) thus obtaining Theorem 2.

4. The inversion process. Invert the (m+1)-space in which S is embedded
taking (0, - - -, 0, —1) as centre of inversion and a radius of inversion 2.
Let X(x1, - - -, %m, 2) denote the transform of P(&y, - -, &n, §) referred to
axes parallel to those to which P is referred but with origin at & =0, r=1,

-,m, {=1.

The equations of transformation are then

E=4R"x, r=1---,m; 1+{=4R*(z+2)

where R?=x2+ - - - +x%+(2+2)%

Under the inversion S transforms into the plane =0 which we shall here-
after denote by .S’ and the region 6; <« of S transforms into the interior of
the “circle”

+

2 2 1
ot X = (2tan5a)2.

When (&, -+, &m ¢) is on S then R?’=x3+ .- +x%4+4 and ¢
=(8—R?)R2 It follows that if P(&, - - -, €m, §) and Q(ny, * + +, Wm, T) trans-
form into X(x1, - - -, xm) and Y(y1, - + -, ym) then

cos |Q — P| = [16(xs 31+ - - - + #mym) + (8 — Rx)(8 — R¥)|Rx Ry~
where Ry =x2+ - - - +x2+4 and Ry =7+ - - - +92+4. So
sin2|Q — P| = 4| X — Y|'RX Ry where |X — ¥ |" = 3 (x, — y)2.

r=1

Consequently
| @ — P| lies between constant multiples of (RxRy)~| X — Y|.

It is a straightforward matter to verify that the angle between the normal
to S at P and the ray OP from the center of inversion is equal to the angle
between the normal to S’ at X and the ray OX (which is identical with OP).
It follows that

(OP)~mdP = (0X)~™dX so that dP = 4mR~*"dX.
5. Proof of Theorem 3.
LemMMA 3. For 0 <a<m and positive f(P)

4 f 0= Pl=m@i0 = fu(P) s B [ o= Pl
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where A and B are positive constants.

I show first that if A=A(p, v) =1 —2p cos y+p? then
3) AAle—m)i2 < fp(p — ) 1K (7, y)dr < BA(e=m™I2 for 1 > p > 1/2.
0
The integral in the center lies between positive multiples of
@ [0 = it = 9l = 2 e,
0

If 1—p=+ (4) lies between positive multiples of

1/(1—p)

’ —_ a—l(] — —md = (1 — a—m — 1)e—1f—mg
fo("’)( P)=mdr = ( "’fl (6 — 1)et-mdy

so that in this case the center integral lies between multiples of (1 —p)*™.
If 1—p<y=1 (4) lies between positive multiples of

1- [
f 7(p — )11 — r)~mdr + 'y"”‘“lf (p — )1 — 7)dr = T1 + T, say.
0 1—y

Now

1/(1—p)
Ty = (1 — p)a=n f (t — 1)=1-mdy
v.

/(1—p)
and

v/ (1—p)
Ty =y~ ™1 — p)“’“f (t — 1)
1
Both these are O(y*~™) but both cannot simultaneously be o(y*—™).

If y>1 (4) is clearly O(y*=™) and not o(y=").

Thus the center integral lies between positive multiples of min [(1 —p)e—™,
yam]. Since A@=™/2 also lies between positive multiples of this quantity (3)
follows.

Now

r@ale, P) = [ 70 [0 = DK (r, 0 — P)drdg
S L)

so, by (3), it lies between positive multiples of [gf(Q)A=m/2(p, Q—P)dQ.
Using Fatou’s Lemma on the one hand and trivially on the other we have
Lemma 3.

Denote the spherical cap of radius 7/4 and center P by Kp and the cap
of radius w/2 and with the pole 0 as center, i.e. the upper hemisphere, by
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H. Now the union of all K for which PE H is itself contained in the region K
given by 6, <3w/4.

In what follows we shall denote the transform of any set M in .S into S’
by M’. We also write

wir) = [ |peo Jux.
.

In proving Theorem 3 we may assume f(P) positive. It then follows that

fle — P|=mf(P)dP = <pr+fK )lQ — P|e=mf(P)dP
cKp
< fK |Q — P|=nf(P)dP + BM,().

P

Let P invert into X and let f(P) become F(X). Then
f |0~ @i = Af | X = 7" (RxRe)" "F(V)Rx " Y.
Kp K'P

Since KpCK we have KpCK' and in K’ Rx and Ry lie between 2 and
2(1+4tan? 37/8)!2so that the last integral does not exceed a constant multiple

of [xrp| X — Y| mF(X)dX.
Thus, to sum up
(5) f«P) < B f | X — V|=mF(X)dX + cM(f).
K!
Next,

f | 7(P) |dP = 4mf | F(X)|"Rx "dX <
K K’

so that the function G(X) which equals F(X) in K’ and vanishes elsewhere is
in Le over S’. Theorem 3 of [1] states that if

Go(X) = K:.lf l X — Yl“—”‘G(X)dX, K., a constant,

then M, (Ga) S AM,(G) where a=m(1/¢—1/r). Since, by (5),
fa(P) £ BGoa(X) + CM(f)

and MY(G) does not exceed a multiple of Jx|f(P)|4dP < MY(f) we have
{[ulf«(P)| rdP} v dominated by a multiple of M ,(f). A similar argument for
cH then gives Theorem 3.

6. Some preliminaries about capacity. Let u(M) be a non-negative addi-
tive set function defined for all Borel sets in S. If u(S) =1 we say that pis a
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distribution. If, further, u(M) =1 we say that the distribution is concentrated
on M.
Suppose M is a set on which a distribution u is concentrated and consider,

for >0,
(©) Vo= sw [ 0= PlHau0.
PES K}

If Vg is finite we say M is of positive B-capacity. Otherwise M is said to be of
zero (3-capacity. Clearly, if M is of positive S-capacity it is of positive y-capac-
ity for all ¥ <. Also, clearly, if M is of zero S-capacity it is of zero y-capacity
for all y>p.

Similar considerations apply to S’. Given any set M’ and a distribution »
concentrated on it we consider

) Vs = sup | X — ¥ [#du(Y).
Xes8 8’

Definitions are framed and consequences drawn as in the last paragraph.
A distribution u on S induces a distribution » on S’ as follows. Let u(M)
=p(M’). If u is concentrated on M v is concentrated on M’ and vice versa.

LEMMA 4. M is of zero B-capacity if and only if M’ is so. Also M is of posi-
tive B-capacity if and only if M’ is so.

If. Let u be concentrated on M and so v concentrated on M’. Now
[1p-0la@> [ 1x-vy["Rimeain) > [ | x = ¥ |2auv)
8 s s

so that Vg> V. If M’ is of zero B-capacity then clearly so is M.
Only if. Let M\=M'Nset [XES'; Rx<n]. Then M,C M’ so M.C M. If
M is of zero B-capacity so is M,. Further

Vi(My) 2 w?Ve(M,) = + «

so M, is of zero B-capacity. Finally M’=U;_, M} and so [4, p. 50] is of zero
B-capacity. The second part of the lemma is now trivial.

7. Proof of Theorem 4. Let fEL? and let M be the set in which fu, is
infinite. We may suppose that f is positive so that, by (5),

f | X — Y |e/emF(X)dX
KI

i.e., Gasg(x) (defined in §5) isinfinite in M’. But G(x) € L? so that, by Theorem
4 of [1], M’ is of zero B-capacity for all B>m—a for ¢>2, and is of zero
(m —a)-capacity for 1 £¢=<2. Since, by Lemma 4, M has the same capacity
behavior as M’ Theorem 4 is proved.
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To show Theorem 4 best possible we note that in §6 of [1] a positive
function F(X)&E Leand aset M’ is constructed such that F,,,(X) is infinite in
M’ and M’ is of positive B-capacity (where f=m —a when 1=<¢=<2 and f§ is
any number greater than m —a when ¢>2).

Let F(X) transform to f(P) on S. Since F>0, >0 and

Fujo(X) < f | x — v |7 "RIR) TRy < f | P — Q|alem7(0)dO.
S’ S

Lemma 3 shows that fa/,(P) is infinite in M and this has the same capacity
behavior as M’. Theorem 4 is thus shown best possible.
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