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1. Introduction. In this paper I define a fractional integral for functions

on a unit raz-sphere and show that it behaves in much the same way as the

Riesz fractional integral in respect to theorems proved in [l].

The theorems proved in this paper are

Theorem 1. IfO<a<a+fi<l andfELip a then f^EUp (a+fi). Lip may
be replaced by lip.

Theorem 2. If q>l, l+m/q>a>m/qthenfaEHp (a — m/q).

Theorem 3. If 0<a<m/q and f EL" then faELT where a = m(l/q — l/r).

Theorem 4. T//£F« then

(a) for 0<a<m, 2<q< «>,fa/q is finite everywhere except possibly in a set

which is of zero fi-capacity for all fi>m—a.

(b) for 0<a<m, 1 ggg2,/a/, is finite everywhere except possibly in a set of

zero (m—a)-capacity. Both (a) and (b) are best possible.

There is an auxiliary result in §3, Theorem A, connecting radial and sur-

face Lipschitz behavior which is perhaps of interest in its own right. The

inversion process described in §4 certainly has other possibilities.

2. The fractional integral. Let S be the unit /ra-sphere consisting of all the

points P(£i, •••,£»,{■) given by

fi + • • • + £ + t* - 1.

Let Q be any point and suppose that new coordinates are taken so that a

point previously named P becomes the pole, i.e. the point O(0, • • • , 0, 1),

then the symbol Q — P will mean the point which Q becomes in the new co-

ordinates. Further, Q' = Q — P and Q = Q'+P will be taken to be synonymous.

We introduce spherical polar coordinates (p, dx, • • • , 9m) of the point

(Si, • • • , fm, f) by setting

£i = p sin Ox • • • sin 0m,

£2 = p sin 6X ■ ■ ■ sin 9m-x cos 0m,

£m = p sin 6x cos 02,

f = p cos Ox,
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where p>0, 0^6r^ir for r = l, • • • , m — l and O^0m^27r. Points on 5 are

characterized by p = l. In what follows points denoted by P, Q will be on 5

and the point (p, 6i, ■ ■ ■ , 6m) will be denoted by (p, P).

The distance (or, more precisely, the spherical distance) between the

points P(£i, • • • , £m, f) and Q(vu • • ■ , Vm, t) is given by

cos | P - Q |   = £i 171 + • • ' + «.!»• + &, 0 g | P - Q |   ^ ir.

Clearly |P-()| = |Q—JP| and |P-0| =|p| =0.
The surface element dP in polar coordinates is given by

dP = sin*"-^ ■ • • sin 0m_i<Wm ■ • • ddu

If Af«(f) =/<,|/(P)|«ciP< oo we shall say that/£L*.

It is well known that if/£7, then the Poisson integral/(p, P) of/given by

Kp, P)= f f(Q)K(P, Q - P)dQ

where

K(P, Q- P)

=   2-11r-<"'+1>'2r(2-1(w +   1))(1   -  P2)(l   -   2P COS    |  P - Q\    + p2)-(m+l)/2

is harmonic for all p<l, that is, within 5.

Let/£7, let/(p, P) be its Poisson integral and consider for a>0, 0^p<l,

fa(p, p)=-—f'(p- r)°-if(r, P)dr
T(a) J o

and fa(P) = limp_i/a(p, P) should this limit exist. fa(P) is then said to be the

ath integral oi f(P).

We have

T(a)fa(P, P) =  f\p- r)-» f f(Q)K(P, Q - P)dQdr.

Now

"   2s + m — 1    (m_i)/2
^(P,7) = E ,      CT       (cos7)p«

,_o      w — 1

where the (somewhat modified) Gegenbauer polynomials C"s(x) are given, for

v>0, by

- x—T(v + 1)(1 - 2Px + p2)-> = Y C.(x)p.
2 ,_o

Writing Q — P = y we then have



264 NICOLAAS DU PLESSIS [January

"       T(s + 1)      2s + m - 1      r (tn_1)/2
Up, P)=P*Y '    ,     '      -—P'      f(Q)C (cos y)dQ.

,_o T(s + 1 + a)      m - 1 J s

It may be verified that if (p, P), Q are the points (&, ■ • • , £m, f), (yx, • • ■ ,

ym, t) then

2 2 2 2

P    =  fl +•••+£»+ f l P COS y  =   JiTJi +   •  •  •   +  £m7Jm +  fT

and that, if A is the operator X™ i d2/d£+d2/3f2 then A(p'Cs(m_1)/2(cos y)) = 0.

It follows that/a(p, P) =paua(p, P) where ua is harmonic within S and that

fa(P) =lim„,i ua(p, P) whenever this limit exists.

We have, in fact,

For a>0,fa(P) exists and is finite p.p. on S.

Privalov in §4 of [2] has shown that if g(p, P) is harmonic within 5 and

Js\g(p, P)\dP = 0(1) as p tends to 1 then g(p, P) tends p.p. to a finite limit.

Now

r(«) f I ua(p, P) | dP g p- f\p - r)-i f | f(r, P) | dPdr.
J s Jo Js

Since f EL the inner integral is uniformly bounded and the result follows. This

result is not best possible as Theorem 4 shows.

It is unfortunately not the case that/a+^(P) = (fa(P))e- (A trivial calcula-

tion with/(P) = 1 on 5 shows this.) What is true is that fa+»(fi, P) = (fa(p, P))$;

this is easily shown by the standard proof for the Riemann-Liouville frac-

tional integral.

3. Lipschitz behavior. If/ is such that

f(P) ~ f(Q) = 0(| P - Q\"),        Oga<l     uniformly on 5

then we say that/£Lip a. If, in the above, 0 is replaced by o we say that

/£lip a.

Theorem A. A necessary and sufficient condition that a function f(p, P)

harmonic within S is the Poisson integral of a function in Lip a is that

f(p', P) - f(p, P) = 0((p' - p)a uniformly in) P.

If Lip is replaced by lip then 0 must be replaced by o.

Lemma 1. For Oga<l, 0<p<l,

(a) f | P\'\ — K(p,P)  dP g B(l - p)-S
J s I op

(b) f \P\"\K(p,P)\dP^B(l-PY
J s

where B is a positive constant.
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First, a straightforward calculation shows that |d7<ydp| is dominated by

a positive multiple of [(1 —p)2+|P| 2]_(m+1)/2. The integral in (a) is thus less

than a multiple of 7 where

7 = ( f       +  f    )6"[(l - p)2 + e2]-<-m+^i2sin^-ledd = h + It, say.

Further 7! ̂  7i, 72 ̂  72 where

/• l-P /•  T

Ji = (I - p)-"1-1 I      di+^dd   and   72 =  I     d«-2dd
Jo J l-p

from which (a) follows, (b) follows by integrating (a) over the range p to 1.

Lemma 2. For 0<X<1

sup I -7- [(f(P, P) - /(Xp, P) ]   £A(1- p)-» sup I /(P) - f(\, P) I .
P   \ddi P

We have

/(p, P) - /(xP, P) = f (/«?) - /(x, 0)#(p, <2 - P)dQ
J s

and so

7-- ao>, ^) - /(xp, p)) = f [/(c + p) - /(x, e' + p) ] -7 ̂ (p, w

which last, in modulus, does not exceed

sup I f(P) - f(\, P) I   f \—K(P, di)  dQ'.
p Js\o9i

By (a) of Lemma 1 with a = 0 the result follows.

We turn now to Theorem A.

Necessity. We may assume p'>p. We have

f(P', P) - f(p, P)=  f (/(Q) - f(P))(K(P', Q-P)- K(P, Q - P))dQ

and it follows that

(1) I /(/, P) - f(p, P)\   ̂ A  f I Q I- I K(p', Q) - K(P, Q) \dQ
J s

where A is a positive constant.

Either p'-p^l-p' or p'-p>l-p' and in the latter case p'-p<l—p

<2(p'-p).
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In the first case we express the right hand side of (1) as

/'      ,  \ (•"' dK r"' r .    .    BK I r"' )
\Q\-\jf -*<ts}f J.i«i--ir«*-°{J. <•-""*}■

This last integral is equal to (p' —p)(1 — p)a~l wherep<p<p'. Since (1 — p)a_1

< (1 -p')a~l < (p' -p)a_1 the result follows.

In the second case the righthand side of (1) is less than a multiple of

f \Q\»K(P,Q)dQ+ f \Q\°K(P',Q)dQ = 0{(l - P)» + (I - p')"}
J s J s

by Lemma 1(b). This last is 0[(p' — p)"]. This proves the necessity.

Sufficiency. Since/(p', P) —f(p, P) =0[(p'— p)a]—>0 as p, p' tend to 1 uni-

formly in P we have, by Cauchy's convergence criterion, the existence of a

bounded/(P) for which/(p, P) tends to f(P) uniformly in P as p tends to 1.

Given p, choose p'>p such that, for all P,

| f(P) - f(p', P)\   < (1 - p)«.

Then

| f(P) - f(P, P) |   S  | f(P) - f(P', P) |  + | f(P', P) - f(P, P) |

which does not exceed (1 -p)a + 0[(p'-p)a] =0[(l -p)a].

Let pa=l— 2~n, write <pn(P) =f(pn+u P)—f(pn, P) and choose N so that

2_Ar_1^|p| g2_w   We then have \f(Q+P)-f(Q)\  dominated by

I f(Q + P) - f(PN, Q + P) | + | f(Q) - Apn, Q)\ + \ f(PN, Q+ P)- f(PN, Q) |

and this last does not exceed

(2) 0(2r»«)  +   Y    I  <PniQ +P)~  <Pn(Q) |  •
71=0

Choose the pole on the sphere at Q and coordinates so that P is (/, 0, • • • ,0).

Then

/" I d<pn77 ddi.
o   I odi

This last, by Lemma 2, is dominated by

At(l  - pn+x)-1' SUp   | f(P)  - f(\n, P) I
p

where Xn= pn/'pn+u It follows that

| d>n(Q + P) - 4>n(Q) |  ^ A2-"2"+l(l - K)a ^ 421-*2<'-«>».

Thus, finally,
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oo N

X I <Pn(Q + P) - <t>n(Q) |   g AV-» Y 2(1-a)B = 0(2-°").
n=0 n=.0

This, in conjunction with (2), gives the O-part of Theorem A. The proof of

the o-part is an obvious adaptation of the above.

The proof of Theorem 1 now follows readily. If /(P)£Lip a, say,/(p, P)

is, by Theorem A, a function in Lip a with respect to p. The standard proof

for Riemann-Liouville integrals [3, §9.81] shows that fp(p, P) is, qua p, in

Lip (a+fi). It follows that the same holds for u$(p, P). Since u$ is harmonic we

may apply Theorem A to show fp(P) in Lip (a+fi). A similar argument shows

the lip part of the theorem.

We turn now to Theorem 2. Let 5(5) be the spherical cap 0ig5. Since

fELq we may, given e>0, choose 5 so that fs<.t)\f(Q) \ qdQ<tq. Now

T=(f     + f     )f(Q+P)^dQ = Ii + h.
Op \«/S(S)       J cS(J)/ op

and Ii<eMq'(dK/dp). Further, M\ is dominated by a constant multiple of

/0>»-l[(1   _  p)2 _|_ 02]-(m+l),'/2^

0

g   (1   -  p)«-C»'+l)5'   J       /m-l(l   -j-   ̂ -(m+l),'/2^
J 0

so that

T, = o[(l - p)—'«-»].

Next

UI dK\*'    \ "«'
cS(») I op I       ;

and the second integral does not exceed a multiple of

j   em-1[(i - p)2 + e2]-("*+1)«''2^

/I  00i/(l-p)

so that T2 = o[(l-p)-",/«-1]. Consequently df/dp = o[(l-p)~m'q-1].

We may, without loss of generality, assume/(0, P) =0 and then integrat-

ing the integral expression for fa(p, P) by parts and then differentiating under

the integral sign, we have

r(a) — (fa)  =   f\P- r)"-1 -dr=oi f\p- r)-l(l - r)—lq~ldr\
dp J o or \J o J
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so that d/dp(fa) =o[(l — p)a-m'«-1]. Consequently

fa(P\ P)   - MP, P)=     T    ~ (fa)   =   0[(P'  -  p)-""']
J „     dr

so, by Theorem A, since now ua(p, P)£Lip  (a — m/q), qua p, we have

/a(P)£Lip (a—m/q) thus obtaining Theorem 2.

4. The inversion process. Invert the (m + 1)-space in which 5 is embedded

taking (0, • • • , 0, —1) as centre of inversion and a radius of inversion 2.

Let X(xx, ■ ■ ■ , xm, z) denote the transform of P(£i, • • • , fm, f) referred to

axes parallel to those to which P is referred but with origin at i-r = 0, r = l,

• • • , m, T = l.
The equations of transformation are then

fr = 4R-2xr,       r = 1, • • • , m;       1 + f = 4R~2(z + 2)

where R2 = x\+ ■ ■ ■ +xl+(z + 2)2.

Under the inversion S transforms into the plane z = 0 which we shall here-

after denote by S' and the region 6x<a of S transforms into the interior of

the "circle"
2 2 1

Xi + ■ • • + xm = (2 tan - a)2.

When (&, • • • , £m, f) is on 5 then i?2 = x?+ ■ ■ • +a£+4 and f

= (8-i?2)i?"2. It follows that if P(£i, • ■ • , fm, f) and Q(yu ■ ■ ■ , ym, t) trans-

form into X(xx, ■ ■ ■ , xm) and F(yi, ■ • • , ym) then

cos I Q - P | = [I6(x! yx-\-+ xmym) + (8 - Rx)(& - rI)]Rx2Ry*

where R\ = x\+ ■ ■ ■ +x2m+4 and R\ = y\+ ■ ■ ■ +y^+4. So

sin 2-11 Q - P | = 4 | X - F \2R~x*Rr where |X - F |2 = X (xr - yr)2.
r=l

Consequently

| 0 — F |   lies between constant multiples of (RxRy)~* \ X — Y\ .

It is a straightforward matter to verify that the angle between the normal

to 5 at P and the ray OP from the center of inversion is equal to the angle

between the normal to S' at X and the ray OX (which is identical with OP).

It follows that

(OP)-mdP = (0X)~mdX so that dP = imR~2mdX.

5. Proof of Theorem 3.

Lemma 3. For 0<a<m and positive f(P)

A f \Q- P\—f(Q)dQ g fa(P) g B f | Q - P\-—f(Q)dQ
J s J s
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where A and B are positive constants.

I show first that if A = A(p, 7) = 1 —2p cos 7+p2 then

(3) AA^-^'2 g;  f  (p- r)a~1K(r,y)dr g BA^-™"2 for 1 > p > 1/2.
J 0

The integral in the center lies between positive multiples of

(4) j    (p - r)"~l(l - r) [(1 - r)2 + y2]-<™+Ul2dr.

If 1—p=^7 (4) lies between positive multiples of

/• p /• 1/(1—p)(p - r)"-1^ - r)~mdr = (1 - p)a~m I (/ - l)a~H-mdt

0 *71

so that in this case the center integral lies between multiples of (1 —p)a~m.

If 1— p<7S=l (4) lies between positive multiples of

/' l—7 /• P(p - r)"-^! - r)-mdr + y-™'1 j      (p - r)a-'(l - r)dr = Ti + T2, say.
0 J1-7

Now

/>i/(i-p) (t - l)"-H-mdt
y/a-p)

and

/7/d-p) (t - ly-Hdt.

Both these are L7(7a~m) but both cannot simultaneously be o(y"~m).

If 7> 1 (4) is clearly 0(ya~m) and not o(ya~m).

Thus the center integral lies between positive multiples of min [(1 —p)"~m,

7a~'"]. Since A(o~m)/2 also lies between positive multiples of this quantity (3)

follows.

Now

T(a)fa(p, P) =  ff(Q) f\p - r)«-iK(r, Q - P)drdQ
J s        Jo

so, by (3), it lies between positive multiples of Jsf(Q)^a~m)n(p, Q~P)dQ.

Using Fatou's Lemma on the one hand and trivially on the other we have

Lemma 3.

Denote the spherical cap of radius 7r/4 and center P by Kp and the cap

of radius tt/2 and with the pole 0 as center, i.e. the upper hemisphere, by
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77. Now the union of all K for which P£77 is itself contained in the region K

given by 0i^37r/4.

In what follows we shall denote the transform of any set M in S into S'

by M'. We also write

arcJtfO =   f   \F(X)\"dX.
J S'

In proving Theorem 3 we may assume/(P) positive. It then follows that

( \Q - P\"-mf(P)dP = ( f    +[     )|<2- P\a-mf(P)dP
J S \JkpJ cKpl

g  f   | Q - P \"~mf(P)dP + BMg(f).
J Kp

Let P invert into X and let/(P) become F(X). Then

f    | Q - P\°-mf(Q)dQ ̂ A  f     | X - Y \a"n(RxRy)m~aF(Y)RT2mdY.
JKp JKp

Since KPEK we have K'PEK' and in K' Rx and Ry lie between 2 and

2(l+tan237r/8)1/2so that the last integral does not exceed a constant multiple

oiJK>P\X-Y\«-mF(X)dX.
Thus, to sum up

(5) fa(P) :g B f   \X- Y\»—F(X)dX + cMq(f).
J K'

Next,

f | f(P) \«dP = 1m f   I F(X) \9RximdX < oo
J K J K'

so that the function G(X) which equals F(X) in K' and vanishes elsewhere is

in L" over S'. Theorem 3 of [l ] states that if

Ga(X) = K\n]    I X - Y\"-™G(X)dX, Km a constant,
J S'

then 3Tlr(G„) ̂^43R3(G) where a = m(l/q — l/r). Since, by (5),

fa(P) ^ B'Ga(X) + CMq(f)

and M\(G) does not exceed a multiple of fK\f(P)\qdPgM\(f) we have
{/h[/«(P) I TdP]I/r dominated by a multiple of Mq(f). A similar argument for

c77 then gives Theorem 3.

6. Some preliminaries about capacity. Let tx(M) he a non-negative addi-

tive set function defined for all Borel sets in S. If p.(S) = 1 we say that p is a
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distribution. If, further, p(M) = 1 we say that the distribution is concentrated

on AT.

Suppose Af is a set on which a distribution p is concentrated and consider,

for j8>0,

(6) Ve=  sup    f \Q-P\-*dp(Q).
PGS Js

If Vp is finite we say M is of positive /3-capacity. Otherwise M is said to be of

zero ^-capacity. Clearly, if AT is of positive /3-capacity it is of positive y-capac-

ity for all y <fi. Also, clearly, if AT is of zero /3-capacity it is of zero y-capacity

for all y>fi.
Similar considerations apply to S'. Given any set AT' and a distribution v

concentrated on it we consider

(7) Vl = sup    f  \X -Y \-+dv(Y).
X£S>  J S'

Definitions are framed and consequences drawn as in the last paragraph.

A distribution p on S induces a distribution v on S' as follows. Let p(AT)

= v(M'). If p is concentrated on AT v is concentrated on AT' and vice versa.

Lemma 4. AT is of zero fi-capacity if and only if AT' is so. Also M is of posi-

tive fi-capacity if and only if AT' is so.

If. Let p be concentrated on AT and so v concentrated on AT'. Now

f I P - Q \-l>dp(Q) >  f   I X - Y \~?RxRydl(Y) > f   \ X - Y \-+dv(Y)
J S J S' J S'

so that Vb> Vp. If AT' is of zero /3-capacity then clearly so is AT.

Only if. Let AT^ = AT'Hset [XES'; i?zgra]. Then MnEM' so AT„CAT. If
AT is of zero ^-capacity so is AT„. Further

Vf(Mi) ^ n-Wp(Mn) = + 00

so AT^ is of zero /3-capacity. Finally AT' = U"_j AT^ and so [4, p. 50] is of zero

/3-capacity. The second part of the lemma is now trivial.

7. Proof of Theorem 4. Let fEL" and let AT be the set in which fa/a is
infinite. We may suppose that/is positive so that, by (5),

f   \X - Y\a'q-mF(X)dX
J K'

i.e., Ga/q(x) (defined in §5) is infinite in AT'. But G(x)£L« so that, by Theorem

4 of [l], AT' is of zero j8-capacity for all fi>m—a for q>2, and is of zero

(m—a)-capacity for 1 gag2. Since, by Lemma 4, M has the same capacity

behavior as AT' Theorem 4 is proved.
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To show Theorem 4 best possible we note that in §6 of [l ] a positive

function F(X) EL" and a set AT' is constructed such that Fa/g(X) is infinite in

AT' and AT' is of positive /3-capacity (where fi = m—a when 1 ggg2 and fi is

any number greater than m—a when q>2).

Let F(X) transform to/(P) on 5. Since F>0,/>0 and

F.I9(X) <f\X- Y\a/q-mR:-alqR;""9F(Y)dY <f\P - Q\->*-«f(Q)dQ.
J S' J 8

Lemma 3 shows that fa/q(P) is infinite in AT and this has the same capacity

behavior as AT'. Theorem 4 is thus shown best possible.
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